We present exact solutions for the zero-temperature partition function (chromatic polynomial P ) and the ground state degeneracy per site W (= exponent of the ground-state entropy) for the q-state Potts antiferromagnet on strips of the square lattice of width L y vertices and arbitrarily great length L x vertices. The specific solutions are for (a)
Introduction
The q-state Potts antiferromagnet (AF) [1, 2] exhibits nonzero ground state entropy, S 0 > 0 (without frustration) for sufficiently large q on a given lattice Λ or, more generally, on a graph G. This is equivalent to a ground state degeneracy per site W > 1, since S 0 = k B ln W . Such nonzero ground state entropy is important as an exception to the third law of thermodynamics [3] . There is a close connection with graph theory here, since the zerotemperature partition function of the above-mentioned q-state Potts antiferromagnet on a graph G satisfies Z(G, q, T = 0) P AF = P (G, q) (1.1)
where P (G, q) is the chromatic polynomial expressing the number of ways of coloring the vertices of the graph G with q colors such that no two adjacent vertices have the same color (for reviews, see [4] - [6] ). The minimum number of colors necessary for such a coloring of G is called the chromatic number, χ(G). Thus
where n = v(G) is the number of vertices of G and {G} = lim n→∞ G. At certain special points q s (typically q s = 0, 1, .., χ(G)), one has the noncommutativity of limits and hence it is necessary to specify the order of the limits in the definition of W ({G}, q s ) [7] . Denoting W qn and W nq as the functions defined by the different order of limits on the left and right-hand sides of (1.3), we take W ≡ W qn here; this has the advantage of removing certain isolated discontinuities that are present in W nq . Using the expression for P (G, q), one can generalize q from Z + to C. The zeros of P (G, q) in the complex q plane are called chromatic zeros; a subset of these may form an accumulation set in the n → ∞ limit, denoted B, which is the continuous locus of points where W ({G}, q) is nonanalytic. 1 The maximal region in the complex q plane to which one can analytically continue the function W ({G}, q) from physical values where there is nonzero ground state entropy is denoted R 1 . The maximal value of q where B intersects the (positive) real axis is labelled q c ({G}). This point is important since it separates the interval q > q c ({G}) on the positive real q axis where the Potts model (with q extended from Z + to R) exhibits nonzero ground state entropy (which increases with q, asymptotically approaching S 0 = k B ln q for 1 large q, and which for a regular lattice Λ can be calculated approximately via large-q series expansions) from the interval 0 ≤ q ≤ q c ({G}) in which S 0 has a different analytic form.
In the present work we report exact solutions for chromatic polynomials P (G, q) for strips of the square lattice with arbitrarily great length L x vertices of the following types: (a) width L y = 4 vertices and (F BC y , P BC x ) = cyclic; (b) L y = 4 and (F BC y , T P BC x ) = Möbius, (c) L y = 5 and (P BC y , F BC x ) = cylindrical; and (d) L y = 5 and (F BC y , F BC x ) = open, where F BC, P BC, and T P BC denote free, periodic, and twisted periodic (i.e. periodic with reversed orientation) boundary conditions, respectively. For each of these, taking the infinite-length limit, we calculate the degeneracy per site, W ({G}, q), and the continuous nonanalytic locus B. A comparative discussion is given of these results together with previous exact solutions for strips of smaller widths. These strips of regular lattices are examples of recursive families of graphs, where the latter are constructed by successive additions of subgraph units to an initial subgraph.
There are several motivations for this work. We have mentioned the basic importance of nonzero ground state entropy in statistical mechanics [3] . Physical examples are provided by ice [8] - [10] and certain other hydrogen-bonded molecular crystals [11] . From the point of view of rigorous statistical mechanics, exact solutions are always valuable for the insight that they give into the behavior of the given system under study. Although infinite-length finite-width strips are quasi-one-dimensional systems and hence (for finite-range spin-spin interactions) do not have finite-temperature phase transitions, their zero-temperature critical points are of interest. Indeed, the presence of a zero-temperature critical point for the Ising antiferromagnet 2 on infinite-length, finite-width strips of the square lattice has an interesting connection with the behavior of the singular locus B for the strips that we have studied with global circuits 3 : in these cases, this singular locus passes through the point q = 2 in the complex q plane. Our exact solutions for P and, in the L x → ∞ limit, W , thus show quantitatively the relation between critical behavior as a function of temperature (at T = 0) in the free energy and singularities as a function of q in the per-site ground state degeneracy W . The present results also show many interesting connections with mathematical graph theory, as is clear from the identity (1.1), and algebraic geometry, as follows from the fact that for these strips, B is an algebraic curve. Besides the works already cited, some related 2 We recall that on bipartite graphs such as cyclic strips of the square lattice with even L x , an elementary mapping shows the Ising ferromagnet and antiferromagnet to be equivalent; since the L x → ∞ limit can be taken with even L x , this implies that the critical behavior of the Ising ferromagnet is equivalent to that of the Ising antiferromagnet on infinite-length limits cyclic strips of the square lattice. By similar elementary reasoning, one can show this equivalence for the infinite-length limit of Möbius strips of the square lattice.
3 A global circuit is a route following a lattice direction which has the topology of the circle, S 1 , and a length ℓ g.c. that goes to infinity as n → ∞. For strip graphs, global circuits are equivalent to periodic or twisted periodic boundary conditions. 2 work on chromatic polynomials for recursive graphs includes [12] - [37] ; further discussion of background and references may be found in [33] .
A generic form for chromatic polynomials for a strip graph of type G s , width L y , and length
where c j (q) and the N λ terms λ j (q) depend on the type of strip graph G s including the boundary conditions but are independent of L x .
2 L y = 4 Square-Lattice Strips with (F BC y , (T )P BC x )
In this section we give our solutions for the chromatic polynomials of the L y × L x strips of the square lattice with (F BC y , P BC x ) and (F BC y , T P BC x ), i.e. cyclic and Möbius, boundary conditions, respectively. For both the cyclic and Möbius strips, for L x ≥ 3 to avoid certain degenerate cases, the square lattice strips of width L y have n = L x L y vertices and e = L x (2L y − 1) edges. The cyclic square strips have χ = 2 for L x even and χ = 3 for
, where e and o denote even and odd.
We calculate the chromatic polynomials by iterated use of the deletion-contraction theorem [5] , together with coloring matrix methods [14, 30] . The calculation is considerably more involved than that for the L y = 3 cyclic strip given in [28] , as is indicated by the number of λ j terms in eq. (1.4), namely, N λ = 26, as contrasted with the value N λ = 10 for the L y = 3 cyclic strip. Elsewhere we have given a general determination of N λ as a function of L y [36] . As L y increases, the number of terms N λ in (1.4) grows rapidly; it is 70, 192, and 534 for L y = 5, 6, and 7. We obtain the exact solutions of the form (1.4)
where L x = m. The fact that the λ j 's for a Möbius strip must be the same as those for the cyclic strip of the same width and lattice type was proved in [29] ; this also proves, a fortiori, that (i) the total number, N λ , of λ j 's, and (ii) the continuous nonanalytic locus B, including the point q c , are the same for the cyclic and Möbius strips of a given type. For B and q c , 3 we shall often indicate this by the notation (F BC y , (T )P BC x ). The explicit λ sq,j 's that we calculate are as follows. The first six are
Three of the remaining λ sq4,j 's, labelled j = 7, 8, 9, including the one that is dominant in region R 1 , are identical to the three that enter into the chromatic polynomial for the L y = 4 strip with (F BC y , F BC x ) boundary conditions, which was previously calculated in [23] . This identity was shown in [32] . The remaining λ sq4,j 's for 10 ≤ j ≤ 26 are roots of another cubic equation, for j = 10, 11, 12; a quartic equation for 13 ≤ j ≤ 16; and two 5th degree equations, for 17 ≤ j ≤ 26. Since the equations defining these λ j 's are somewhat lengthy, we give them in the appendix. In Table 1 we list various properties of our calculation and compare them with the properties that we have found for other related strips of the square (and triangular) lattice. The results for the L y → ∞ limit for the triangular lattice with (P BC y , F BC x ) are from [16] . Comparisons for other lattices such as honeycomb and kagomé were given in [21, 23, 24, 28] . In particular, the fact that for this width, L y = 4 for the cyclic strip of the square lattice, we encounter equations of degree 5 for the λ j 's means that it is not possible to solve for the corresponding λ j 's as algebraic roots. Our experience with lattice strips of a given width L y (and arbitrary length) and a given set of boundary conditions is that the maximal degrees of the factors in the general equation for the λ j 's are non-decreasing functions of L y . Thus, assuming that this property of non-decreasing degrees of algebraic factors in the equation for the λ j 's continues for higher L y , our present results indicate that the exact solutions in [28] for the λ j 's for the width L y = 3 strip of the square lattice have completed the program of obtaining exact algebraic expressions for these terms for this type of lattice strip.
Although no closed-form algebraic expression can be obtained for the λ j 's, a theorem on symmetric polynomials of roots of algebraic equations, discussed in [29] , enables one to calculate the chromatic polynomials exactly to arbitrary order. The key to this is the property that since the chromatic polynomial for a cyclic strip is a symmetric polynomial in the various roots, it can be expressed in terms of the coefficients of the algebraic equations Table 1 : Properties of P , W , and B for strip graphs G s of the square (sq) and triangular (tri) lattices. New results in this work are marked with an asterisk in the first column. The properties apply for a given strip of type G s of size L y × L x ; some apply for arbitrary L x , such as N λ , while others apply for the infinite-length limit, such as the properties of the locus B. For the boundary conditions in the y and x directions (BC y , BC x ), F, P, and T denote free, periodic, and orientation-reversed (twisted) periodic, and the notation (T)P means that the results apply for either periodic or orientation-reversed periodic. The column denoted eqs. describes the numbers and degrees of the algebraic equations giving the λ Gs,j ; for example, {3(1), 2(2), 1(3)} indicates that there are 3 linear equations, 2 quadratic equations and one cubic equation. The column denoted BCR lists the points at which B crosses the real q axis; the largest of these is q c for the given family G s . The notation "none" in this column indicates that B does not cross the real q axis. The notation "int;q 1 ; q c " refers to cases where B contains a real interval, there is a crossing at q 1 , and the right-hand endpoint of the interval is q c . Column labelled "SN" refers to whether B has support for negative Re(q), indicated as yes (y) or no (n). 
72, 2, 0 n that determine these λ j 's. However, the fact that it is no longer possible to calculate the λ j 's as algebraic roots when the width of the cyclic square strip is 4 means that the determination of the nonanalytic locus B must be done in a somewhat more cumbersome manner than in our previous work where we had exact algebraic expressions for these λ j 's. The coefficients c j that enter into the expressions for the chromatic polynomial (1.4) for the cyclic and Möbius strip of the square lattice of width L y are certain polynomials that we denote c (d) , given by [36] 
where
We list below the specific c (d) 's that appear in our results for the L y = 4 square lattice strip:
10)
and
In ascending order of degrees of c (d) , we calculate
for 6 ≤ j ≤ 9 (2.13)
for 13 ≤ j ≤ 21 (2.14)
for 10 ≤ j ≤ 12 and 22 ≤ j ≤ 26 (2.15)
In [32] it was shown that the coefficient for the λ j that is leading in region R 1 must be 1. We define
where the G-dependence in the coefficients is indicated explicitly. Note that for recursive graphs like the strip graphs considered here, the c G,j depend on L y and the boundary conditions, but not on L x . Our results above give
in accord with the generalization [28, 29 ]
for G s a strip of the square (or triangular) lattice, where P (T n , q) is the chromatic polynomial for the tree graph T n . This is in accord with the coloring matrix approach [31, 30] . For the L y = 4 Möbius strip of the square lattice, we find
for j = 6 and 22 ≤ j ≤ 26 (2.22)
for j = 1 and 13 ≤ j ≤ 16 (2.24)
for j = 4, 5 (2.25) and c sq4M b,j = −c (2) for j = 2, 3 .
Hence, the sum of the coefficients is
in accord with the general result for the Möbius strip of the square (and triangular) lattice [36] 
Chromatic zeros for the cyclic strip of the square lattice with L y = 4, L x = m = 20 and hence n = 80 are shown in Fig. 1 ; with this value of m, the complex chromatic zeros lie close to the boundary B and give an approximate indication of its position. Note that there is a zero very close to q = 2, but P (sq(L y × L x , F BC y , P BC x ), q) is nonzero for q = 2 for the case shown, where L x = m is even, as is clear from the fact that χ = 2 in this case. The maximal point at which B crosses the real axis, q c , is determined as a solution of the equation of degeneracy of leading terms |λ eq7−9,max | = |λ eq22−26,max |, where λ eq7−9,max and λ eq22−26,max are the roots of eqs. (8.1.1) and (8.1.5) with the largest magnitudes, respectively. Since only two λ j 's are degenerate in magnitude at this point, it is a regular point on the algebraic curve B in the terminology of algebraic geometry. This is also the case for the L y = 3 (and L y = 1) strip of the square lattice [28, 29] , whereas, in contrast, q c is a multiple point on B for L y = 2. We find
This may be compared with the values q c = 2 for the L y × ∞ strip of the square lattice with L y = 1, 2 and the same (F BC y , (T )P BC x ) boundary conditions [7] , and the value q c ≃ 2.33654 for L y = 3 [28] . We calculate that W (sq, 4 × ∞, F BC y , BC x ) = 1.2697336.. at the value q = q c in eq. (2.29).
The locus B also crosses the real q axis at q = 2 and at q = 0. In addition to region R 1 which extends outward from the envelope of B and includes the real axis for q > q c and q < 0, there are two other regions that contain segments of the real axis: R 2 , including the interval 2 < q < q c and R 3 , including the interval 0 < q < 2. In region R 1 , the dominant λ j is the root of the cubic equation (8.1.1) with the largest magnitude, which we label λ 7−9,max . In region R 2 , the dominant λ j is the root of the fifth-degree equation (8.1.5) with the largest magnitude, which we label λ 22−26,max . In region R 3 , the dominant λ j is the root of the fifth-degree equation (8.1.4) with the largest magnitude, which we label λ 17−21,max . We have
(In regions other than R 1 , only the magnitude |W | can be determined unambiguously [7] .) The locus B has support for Re(q) < 0 as well as Re(q) ≥ 0. It separates the q plane into several regions, including the three described above and two complex-conjugate ones which we denote R 4 and R * 4 , centered approximately at q ≃ 2.6 ± 0.8i. In the regions R 4 and R * 4 , we have
Just as complex-conjugate pairs of tiny sliver regions were found for the cyclic L y = 3 square [28] and triangular [35] strips, so also these may be present here; we have not carried out a search for such regions (but have ruled out the possibility of tiny regions on the real axis).
3 L y = 5, 6 Square-Lattice Strips with (P BC y , F BC x )
Here we report our exact solutions for the chromatic polynomials for the width L y = 5, 6 strips of the square lattice of arbitrary length and with (P BC y , F BC x ), i.e., cylindrical, boundary conditions. Results for the cases L y = 3 and L y = 4 were given previously in [24, 26, 32] . We recall that N λ = 1 for L y = 3 and N λ = 2 for L y = 4. For L y = 5 and L y = 6 we calculate N λ = 2 and N λ = 5, respectively. As before, it is convenient to present the results in terms of a generating function, denoted Γ(G s , q, x). The chromatic polynomial P ((G s ) m , q) is determined as the coefficient in a Taylor series expansion of this generating function in an auxiliary variable x about x = 0:
The generating function Γ(G s , q, x) is a rational function of the form
where the A Gs,i and b Gs,i are polynomials in q, and
Equivalently, the λ Gs,j are roots of the equation
The general formula expressing P (G m , q) in terms of these quantities is [25] 
For L y = 5 we find
The coefficients c sq5P F,j can be computed using eq. (3.7) in terms of the generating function, which is given in the appendix. In the L x → ∞ limit, the locus B includes five arcs, consisting of two complex-conjugate pairs and a fifth, self-conjugate, arc. The endpoints of these arcs are located at the five complex-conjugate pairs of roots of R sq5P F . The self-conjugate arc crosses the real axis at the real zero of T sq5P F , namely at q c ≃ 2.691684 for sq(5 × ∞, P BC y , F BC x ) (3.11)
In Fig. 3 we show a plot of chromatic zeros for the L y = 6 strip of the square lattice with (P BC y , F BC x ) and length L x = m + 2 = 16 vertices, so that the strip has n = 96 vertices in all. With this large a value of m, the complex chromatic zeros lie close to the boundary B and give an approximate indication of its position. (We have not searched for very minute features in B.) From our exact analytic results, we calculate indication of its position. From our exact analytic results, we calculate q c ≃ 2.6089 for sq(6 × ∞, P BC y , F BC x ) (3.12)
The morphology of chromatic zeros for this long 6 × 16 cylindrical strip is similar to that found for a 8 × 8 patch of the square lattice, again with cylindrical boundary conditions, in [16] . In both cases, the chromatic zeros have support for Re(q) < 0 and prongs extending to the right; further, our exact calculation shows that in the limit L x → ∞ with L y = 6, the locus B has support for Re(q) < 0. In Fig. 3 , one of the chromatic zeros is very close to q = 2, but for q = 2 exactly, the chromatic polynomial is nonzero, equal to 2, in accord with the fact that this strip is bipartite for any value of L x . For the L x → ∞ limit of these respective strips we have
(3.14)
where λ sq5P F,j,max and λ sq6P F,j,max denote the solutions to the respective equations (3.6) with maximal magnitude in region R 1 .
It is of interest to use this exact result to study further the approach of W to the limit for the full infinite 2D square lattice. This extends our previous study in [26] . In Table 2 we list various values of W (sq(L y × ∞, P BC y , BC x ), q) (which, for this range of q, are independent of BC x ), denoted as W (sq(L y ), P, q), together with Monte Carlo measurements of W for the full 2D square lattice, W (sq, q) from [21] and the q = 3 value W (sq, 3) = (4/3) 3/2 from [9] .
We also list the ratio
for the present square lattice Λ = sq. One sees that for L y = 5 and moderate values of q, say 5 or 6, the agreement of W (sq(L y ), q) for the infinite-length, finite-width strips with We have also gone beyond the previous studies in [23, 24] to calculate the chromatic polynomial for the strip of the square lattice with width L y = 5 and (F BC y , F BC x ), i.e., open, boundary conditions. A related study on wide strips is in [37] . In [23] , a given strip (G s ) m was constructed by m successive additions of a subgraph H to an endgraph I; here, I = H, so that, following the notation of [23] , the total length of the strip graph (G s ) m is L x = m+ 2 vertices, or equivalently, m + 1 edges in the longitudinal direction. The results are conveniently expressed in terms of the coefficient functions in the generating function, as discussed above.
For the width L y = 5 strip of the square lattice we find deg x (D) = N λ = 7. The coefficient functions b sq5F F,j in eq. (3.4) that determine the λ sq5F F,j 's via eq. (3.6) are listed in the appendix. Because the A sq5F F,j 's (cf. eq. (3.3) ) are quite lengthy, we do not give them here 4 . In Table 1 this result is compared with the findings from the previous calculations in [23, 24] for narrower open strips of the square lattice, and with strips of the triangular lattice [28, 35] . One observes that the equation (3.6) defining the λ j 's increases in degree as L y increases for the open strips. In particular, because we now encounter an equation (3.6) of degree higher than 4 (specifically, degree 7), it is not possible to solve for the λ j 's as algebraic roots. Furthermore, assuming that this increase in degree of (3.6) continues for greater widths L y of open strips, our present results show that the previous calculations of the λ j 's in [23] up to L y = 4 have completed the program of calculating these terms exactly as algebraic roots for open strips of the square lattice. As noted above, because of the theorem on symmetric polynomial functions of roots an algebraic equations [29] , one can still calculate the chromatic polynomial in terms of the coefficients of the algebraic equation for the λ j 's. In Fig. 4 we show a plot of chromatic zeros for the open strip of the square lattice with L y = 5 and length L x = m + 2 = 16 vertices, so that the strip has n = 80 vertices in all. With this large a value of m, the complex chromatic zeros lie close to the boundary B and give an approximate indication of its position. From an analysis of the degeneracy of leading λ j 's, we find that (in the L x → ∞ limit where B is defined)
This is in agreement with the chromatic zeros shown in Fig. 4 . Comparing Fig. 4 with the corresponding plots for L y = 2 and L y = 3 ( Fig. 3(a,b) of [23] ), we see that the arcs forming B are elongating and that the arc endpoints nearest to the origin are approaching more closely to the origin. This agrees with the behavior that we had observed earlier from narrower strips and with the conclusions that were drawn from that behavior [23, 24, 25, 32] , in particular, the statement that these results are consistent with, and provide further support for, the hypothesis that in the limit as L y → ∞, the locus B will extend all the way through the origin of the q plane and will separate this plane into different regions containing the real axis.
For q > q c , we have, for the physical ground state degeneracy per site of the q-state Potts antiferromagnet,
where λ sq5F F,j,max denotes the solution of eq. (3.6) with the coefficients (8.3.1)-(8.3.7) that has the maximal magnitude in region R 1 .
As with the cylindrical strips, we can use our new exact solution for the L y = 5 open square strip to study the approach of W to the limit for the infinite 2D square lattice, extending [26] . In Table 3 we list various values of W (sq(L y × ∞, F BC y , BC x ), q) (which, for this range of q, are independent of BC x ), denoted as W (sq(L y ), F, q), together with Monte Carlo measurements of W for the full 2D square lattice, W (sq, q) from [21] and the q = 3 value W (sq, 3) = (4/3) 3/2 from [9] . We also list the ratio R W (sq(L y ), F BC y , q) defined in (3.15). In [26] it was proved that for F BC y the approach of W to the L y = ∞ limit is monotonic. One sees from Table 3 that for L y = 5 and moderate values of q, say 5 or 6, the agreement of W (sq(L y ), q) for the infinite-length, finite-width strips with the respective values W (sq, q) for the infinite square lattice is very good, accurate to a few per cent, although the approach is somewhat slower for open strips than for cylindrical strips. This is understandable since the condition of periodic boundary conditions in the transverse direction minimizes finite-size effects in this direction. In this section we give a general discussion of some properties of (i) the chromatic polynomials for cyclic lattice strips with both arbitrarily great length and arbitrarily great width, and (ii) the loci B for the infinite-length limit of strips of the square and triangular lattice with various boundary conditions. This discussion incorporates the exact solutions given in the present work and also in our previous papers.
1. From our exact solutions for cyclic and Möbius strips of the square and triangular lattices, we draw the following inference: for these lattice strips, with arbitrary L y (independent of L x ), the λ Gs,j in eq. . There are L y of these terms λ Gs,j [36] . Letλ Gx,Ly,j = (−1) Ly λ Gs,Ly,j for G s = sq, tri. Then theλ sq,Ly,j 's and hence the λ sq,Ly,j 's with coefficients c sq,Lyj = c (Ly−1) can be calculated as follows. Denote the equation whose solution isλ sq,Ly,j as f (sq, L y , ξ). Thus, f (sq, 1, ξ) = ξ + (q − 1) and
The λ sq,Ly,j 's for higher values of L y are then given by
We find that in the chromatic polynomial for the cyclic strip of the square lattice, of the λ sq,j 's with coefficient c sq,j = c (Ly−1) , (i) one is λ sq,j = (−1) For cyclic strips of the triangular lattice, denote the equation whose solution isλ tri,Ly,j as f (tri, L y , ξ). Thus, f (tri, 1, ξ) = ξ + (q − 1) and
The λ tri,Ly,j 's for higher values of L y are then given by
The equations defining the λ tri,Ly,j 's involve progressively higher degrees in ξ.
It was shown in [29] that the λ Gs,j 's are the same for the cyclic and Möbius strips of a given lattice with width L y . Therefore, for each width L y , the λ Gs,j 's identified above also occur in the respective Möbius strips of the square and triangular lattices, although they do not, in general, have the same coefficients c Gs,j .
These inferences are important because they show how one can reduce the problem of calculating the λ Gs,j 's for larger-width strips graphs of cyclic and Möbius type from those for lower widths without recourse to the usual iterative application of the deletioncontraction or coloring matrix methods. That is, after having used these latter methods to obtain the chromatic polynomials for the first few values of L y , the rest can be obtained purely algebraically, without further direct analysis of the graphs involved. Work on constructing the recursive formulas for the other λ Gs,j 's is currently in progress.
3. For the infinite-length limit of a given strip graph G s , the dominant λ Gs,j in region R 1 is independent of the longitudinal boundary condition, and its coefficient is c (0) = 1 [32] . In particular, this λ Gs,j is the same for (F BC y , (T )P BC x ) and (F BC y , F BC x ) boundary conditions. When this λ Gs,j is the root of an algebraic equation of degree higher than linear, then, for the theorem on symmetric functions of roots of algebraic equations to apply and guarantee the polynomial nature of P (G s , q), it is necessary and sufficient that all of the other roots of this equation enter with the same coefficient [29] . Hence, the analysis given in [36] for cyclic strips of type G s that determines the number of λ Gs,j 's with a specified c Gs,j = c (d) places, for d = 0, an upper bound on the number N λ of λ Gs,j 's that occur in the strip of type G s with (F BC x , F BC y ) boundary conditions. In particular, for L y from 1 through 8, this number n P (L y , 0) takes the values 1,1,2,4,9,21,51,127. For the square lattice, one finds, for L y from 1 through the current results presented here for L y = 5, the values N λ = 1, 1, 2, 3, 7, as listed in Table 1 . For the strips of the triangular lattice, this upper bound is realized as an equality: for L y from 1 to 5, the open strips have N λ = 1, 1, 2, 4, 9. The reason that the inequality is realized as an equality for the strips of the triangular lattice is a consequence of the different behavior of the coefficients of the square and triangular lattice strips in the Möbius case [36] .
4. For all of the strips of the square lattice containing global circuits that we have studied, the locus B encloses regions of the q plane including certain intervals on the real axis and passes through q = 0 and q = 2 as well as other possible points, depending on the family. Note that the presence of global circuits is a sufficient, but not necessary, condition for B to enclose regions, as was shown in [24] (see Fig. 4 of that work). Our present results for the square lattice are in accord with, and strengthen the evidence for, the inference (conjecture) [32, 33] that
(For the upper line of this equation, note that the L y = 1 graphs with (F BC y , T P BC x ) and (F BC y , P BC x ) boundary conditions are identical.)
5. The crossing of B at the point q = 2 for the (infinite-length limit of) strips with global circuits nicely signals the existence of a zero-temperature critical point in the Ising antiferromagnet (equivalent to the Ising ferromagnet on bipartite graphs). This has been discussed in [33] in the context of exact solutions for finite-temperature Potts model partition functions on the L y = 2 cyclic and Möbius strips of the square lattice. In contrast, this connection is not, in general, present for strips with free longitudinal boundary conditions since B does not, in general, pass through q = 2. (Of the strips with F BC x that we have studied so far, such a crossing at q = 2 was only found for the L y = 3 (F BC y , F BC x ) case, as one can see from Table 1 .) Furthermore, for the strips without global circuits, there is no indication of any motion of the respective loci B toward q = 2 as L y increases.
6. Our exact solutions show that in the limit as L x → ∞, the respective loci B for the W functions for the infinite strips of the square lattice with the fixed values of L y considered and with (i) periodic or twisted periodic longitudinal boundary conditions and (ii) free longitudinal boundary conditions differ; in particular, the loci B for cases with (i) pass through q = 2, whereas the loci for cases with (ii) do not. This dependence of B on the boundary conditions means that an n → ∞ limit does not exist in a manner independent of these boundary conditions. If one fixes q = 2 at the outset, i.e. considers the Ising antiferromagnet on the square-lattice strips (or if one fixes q to the trivial value q = 1 at the outset) and then calculates W , there are no pathologies; these arise when one considers nonintegral real q in the range 0 < q < 3. This was already discussed in the more general context of the full temperature-dependent free energy for the Potts antiferromagnet in [33] , together with other pathologies such as a negative partition function (lack of Gibbs measure), noted earlier in [20] , and negative specific heat. In general, the the conclusion is that a nonpathological n → ∞ limit of the antiferromagnetic Potts model fails to exist at sufficiently low temperature and sufficiently small real nonintegral positive q on strips of the square lattice. Since these strips are of fixed width, the L x → ∞ limit may be considered to be effectively quasione-dimensional; in contrast, a true two-dimensional thermodynamic limit would be L x → ∞, L y → ∞, with the ratio L y /L x a finite nonzero constant in this limit. However, as is clear from the random cluster representation of the Potts model, the problem of a negative partition function (lack of Gibbs measure) for sufficiently small positive real nonintegral q is present for both infinite-length, finite width strips and for the above two-or higher-dimensional infinite volume limit [20, 33] . Our exact results for infinite-length strips of various widths and our inference above that in the L y → ∞ limit, the loci B and W functions obtained with periodic (or twisted periodic) versus free longitudinal boundary conditions would differ is in connected with the other pathologies noted above. From the analysis in [35] , we also conclude that a nonpathological L x → ∞ limit for the antiferromagnetic Potts model fails to exist at sufficiently low temperature and sufficiently small positive nonintegral q on strips of the triangular lattice and a nonpathological thermodynamic limit fails to exist at sufficiently low temperature for nonintegral 0 < q < 4 for the full triangular lattice. One could infer a generalization of this for other lattices also: a thermodynamic limit would fail to exist for the Potts antiferromagnet at sufficiently low temperature for positive nonintegral q in the range from 0 to q c for the given 2D lattice, e.g., q c = 3 for the kagomé lattice. Our exact solutions are consistent with the understanding that the point q c for the infinite 2D (or higher-dimensional) lattice is independent of the boundary conditions used to define this infinite lattice.
7. For cyclic strips, we note a correlation between the coefficient c Gs,j of the respective dominant λ Gs,j 's in regions that include intervals of the real axis. Before, it was shown [32] that the c Gs,j of the dominant λ Gs,j in region R 1 including the real intervals q > q c ({G}) and q < 0 is c (0) = 1, where the c (d) were given in eqs. (2.8), (2.9).
We observe further that the c Gs,j that multiplies the dominant λ Gs,j in the region containing the intervals 0 < q < 2 is c (1) . For the cyclic L y = 3 and L y = 4 strips, there is also another region containing an interval 2 ≤ q ≤ q c on the real axis, where q c ≃ 2.34 and 2.49 for L y = 3, 4; in this region, we find that the c Gs,j multiplying the dominant λ Gs,j is c (2) .
8. Our new results on cylindrical and open strips with L y = 5 confirm and extend various features that had been discussed earlier [23, 24, 25] : for these values of L y , B forms arcs, and as L y increases, these arcs elongate and move closer together, with the arc endpoints nearest to the origin moving toward this point. This is consistent with the inference that in the L y → ∞ limit, the arcs would close to form a closed boundary that contained q = 0 and q = q c (sq) = 3. One sees this general trend in the L y = 6 cylindrical strip (Fig. 3) . However, in contrast with the strip graphs containing global circuits, for which the loci B contained a region-enclosing boundary passing through q = 0 for any L y , this feature is evidently only approached in the limit as L y → ∞ for the strips that do not contain global circuits. The earlier calculations of cylindrical strips of the triangular lattice showed an example of a strip, namely the L y = 4 case, where B contains arcs and an self-conjugate oval on the real axis [24] , but for the cylindrical strips of the square lattice that we have investigated so far, we have not yet encountered such an oval.
9. For the L x → ∞ limit of all of the strips of the square lattice containing global circuits, a q c is defined, and our results for the cyclic and Möbius strips with widths from L y = 1 through L y = 4 indicate that q c is a non-decreasing function of L y in these cases. The same behavior was found for the strips of the triangular lattice with L y = 2 [28] (and subsequently also L y = 3, 4 [35] ). This motivated the inference (conjecture) that q c is a non-decreasing function of L y for strips of regular lattices with (F BC y , (T )P BC x ) boundary conditions [32] , and our present results strengthen the support for this inference. Given that, as L y → ∞, q c reaches a limit, which is the q c for the 2D lattice of the specified type (square, triangular, etc.), this inference leads to the following inequality:
Our exact solutions show that this inequality can be saturated. For example, q c = 3 for the L y = 3 torus and Klein bottle strip of the square lattice [31] , which is equal to the q c value for the infinite 2D square lattice [9] . In contrast, for (the L x → ∞ limit of) strips without global circuits, the locus B does not necessarily cross the real axis, and hence there is not necessarily any q c defined, as was shown in [23] . Furthermore, in these cases, even if B does cross the real axis, so that a q c is defined, the value of q c is not a non-decreasing function of L y . This is shown by our calculations of B for the L y = 4, L y = 5, and L y = 6 strips of the triangular lattice with cylindrical boundary conditions in [24] ; for these we get q c = 4 for L y = 4 but q c = 3.28 for L y = 5 and q c = 3.25 for L y = 6. Similarly, for the L y = 5 and L y = 6 cylindrical strips of the square lattice we get q c = 2.69 and q = 2.61, respectively.
A generalized conjecture would be to consider a slab of a
, and let d − 1 of the lengths of this slab go to infinity, holding one length, which can be chosen without loss of generality to be L d , fixed and finite, and to define W via (1.2) as
1/n (5.8) For each of these W functions, one would consider the corresponding continuous singular locus B and its q c , for choices of the BC j and L d where this point exists. We display the dependence of q c on these inputs by writing it as
Next, we define a W function for the d-dimensional lattice as
and a corresponding singular locus and q c (Λ d ). As indicated in the notation, one expects that this q c would be independent of the BC j , j = 1, ..., d just as is the case for the exactly known q c values for certain 2D lattices. Then we conjecture the inequality
Similarly, a generalization of our inference that q c is a non-decreasing function of L y for the strips with (F BC y , (T )P BC x ) would be the conjecture that
solutions for strips with (P BC y , F BC x ) boundary conditions show that if one uses periodic rather than free boundary conditions in the direction in which the slab is finite, then the resultant q c is not, in general, a non-decreasing function of L d .
11. Our exact solutions for the L y = 4 cyclic and Möbius strips of the square lattice yield a singular locus B that has support for Re(q) < 0. In comparison (see Table 1 ), this was also true for the same type of strip with L y = 3, while for L y = 1, 2, B only had support for Re(q) ≥ 0, and the only point on B with Re(q) = 0 was q = 0 itself. This shows that for a given type of strip, increasing L y can shift the left-most chromatic zeros and, in the L x → ∞ limit, the left-most portion of the locus B,into the Re(q) < 0 half-plane. The same type of behavior was found for the cyclic and Möbius strips of the triangular lattice; for L y = 2 and L y = 3, B and chromatic zeros had support only for Re(q) ≥ 0, while for L y = 4, this support extended into the Re(q) < 0 region. In [23] it was conjectured that global circuits were a necessary condition for lattice strips to have chromatic zeros and, in the limit L x → ∞, a locus B with support for Re(q) < 0. However, this conjecture was ruled out by our exact solutions for chromatic polynomials, W , and B for homeomorphic expansions 5 of lattice strips with (F BC y , F BC x ) boundary conditions in [25] , as also by the results for lattice strips with (P BC y , F BC x ) in [16] . The homeomorphic expansions in [25] have the effect of increasing the girth of these strip graphs, and it was found that for a given type of open strip graph, increasing the degree of homeomorphic expansion and hence the girth shifts the left-most chromatic zeros and, in the limit L x → ∞, the left-most portion of B, farther to the left. This is thus a different way of getting chromatic zeros and part of B to have support for Re(q) < 0 than in the present case of cyclic strips, where this result is obtained as a consequence of increasing the width of the strip while the girth remains constant. We remark that for all of these families of graphs, the magnitudes of the chromatic zeros and points q on B are bounded. Yet another way to get chromatic zeros and B with negative real parts involves families with unbounded chromatic zeros and loci B [38, 39] ; indeed, in [38] we constructed families where these zeros and loci B had arbitrarily large negative Re(q)
12. There have been a number of theorems proved concerning real chromatic zeros. An elementary result is that no chromatic zeros can lie on the negative real axis q < 0, since a chromatic polynomial has alternating coefficients. It has also been proved that there are no chromatic zeros in the intervals 0 < q < 1, and 1 < q < 32/27 [40] . The bound of 32/27 in [40] has been shown to be sharp; i.e., for any ǫ > 0, there exists a graph with a chromatic zero at q = 32/27 + ǫ [41] . Based on our studies of strips of the square (and triangular) lattices with all of the various boundary conditions considered, we make the following observation: for such strips, we have not found any chromatic zeros, except for the zero at q = 1, in the interior of the disk |q −1| = 1. This motivates the conjecture that for these strips, there are no chromatic zeros with |q −1| < 1 except for the zero at q = 1. Assuming that this conjecture is valid, the bound would be a sharp bound, since the circuit graph with n vertices, C n , has chromatic zeros lying precisely on the circle |q − 1| = 1 and at q = 1 [7] .
Values of W for Low Integral Values of q
In previous works [7, 26, 35] and sections of the present paper we have discussed values of W for various infinite-length, finite-width lattice strips. For infinite-length limits of strips with global circuits, where the region(s) of the positive real axis in the interval 0 < q < q c are not analytically connected with the region R 1 including q > q c (and q < 0), the ground state degeneracy per site, W , has a qualitatively different behavior than for integer or real q ≥ q c . A comparative discussion of this was given in [7] with the results available at that time, and it is worthwhile to use our new exact solutions to study this behavior further. In particular, it is of interest to inquire what the values of the W functions are for the infinitelength limits of various strips of the square lattice at the points q = 0, 1, and 2. Our exact analytic expressions yield the numerical values listed in Table 4 . The notation follows that in Table 1 . As was noted in [7] , in general, for regions other than R 1 , it is only possible to determine |W | unambiguously. Hence, for uniformity, we list |W | for all of the strips, including those with only a region R 1 . For comparison, we also include values of |W | at q = 0, 1, 2 and 3 for infinite-length strips of the triangular lattice in Table 5 . In addition, for families where, in the L x → ∞ limit, there exists a q c , we include the respective values of W at q c . For the smallest widths, the |W | values are relatively simple analytic expressions, e.g., for the square strips,
, L y = 3, q = 0, and so forth. In the case of the triangular lattice, L y = ∞, (P BC y , F BC x ), the values of |W | for q = 0 and q = 4 are from [16] ; the exact value for q = 3 is our analytic evaluation, and the numerical values for q = 1, 2 are our numerical evaluations, of an integral representation in [16] . Although we list the values in the tables only to three significant figures, we note that the q = 1 value, |W (tri)| ≃ 3.1716, is different from the q = 0 value |W (tri, 3 × ∞, P BC y , BC x )| ≃ 3.1748.
For these values of q, the noncommutativity of eq. (1.3) occurs [7] . Thus, for any connected graph G, and in particular, the lattice strips considered here, the chromatic polynomial P (G, q) vanishes at q = 0 and q = 1 and hence also the function W nq defined via the order of limits on the right-hand side of eq. (1.3) vanishes. In contrast, in general, W qn defined by the limits on the left-hand side of (1.3) is nonzero. For cyclic strips of the square lattice of length L x , at q = 2, the chromatic polynomial P is equal to 2 if L x is even but 0 if L x is odd, so that at q = 2, no W nq is defined, since the limit on the right-hand side of (1.3) does not exist; however, W qn is well-defined and, in general, nonzero. Analogous comments apply for strips of the triangular lattice: at q = 2, the chromatic polynomial P vanishes identically, so W nq = 0, but W qn is, in general, nonzero. For cyclic strips of the triangular lattice, at q = 3, then P = 3! if L x = 0 mod 3, and P = 0 if L x = 1 or 2 mod 3; hence, no W nq is defined, since the limit on the right-hand side of (1.3) does not exist, but W qn is well-defined and, in general, nonzero. As with the other results given in this paper, the values of W given in Tables 4 and 5 follow the definition W ≡ W qn .
Some general comments follow: Tables 4 and 5 , for values of q that are positive but sufficiently small, for a given lattice, boundary conditions, and value of L y studied, |W | is a non-increasing function of q. In contrast, for sufficiently large q, |W | increases with q. For families of graphs that involve global circuits, these two different types of behavior occur, respectively, for 0 < q < q c and q > q c . The latter behavior is the one expected for the q-state Potts antiferromagnet, since increasing q increases the physical ground state entropy. As examples, for the (L x → ∞ limit of) circuit graph, W is constant for 0 ≤ q ≤ 2, while for the cyclic or Möbius strip of the square lattice L y = 2, it decreases as |W | = |3 − q| in this interval; in both of these cases, q c = 2 and W is real and increasing for q > q c . For the cyclic or Möbius L y = 3 and L y = 4 strips of the square lattice, |W | has a different analytic form in the interval 0 ≤ q ≤ 2 and 2 ≤ q ≤ q c but is everywhere decreasing for 0 < q < q c , for the respective values of q c . As an example of a strip with no q c , for the open line, L y = 1, |W | decreases from 1 to 0 as q increases from 0 to 1 and increases for larger q. As another example of a strip with no q c , for the L y = 3 strip of the square lattice with (P BC y , F BC x ) boundary conditions, |W | decreases monotonically as q increases from 0 and vanishes at q ≃ 2.453; for larger values of q, W is real and positive and increases with q.
2. For the L x → ∞ limit of strips with free transverse boundary conditions, F BC y and any longitudinal boundary conditions BC x , it was proved that for a fixed physical q ≥ q c , W is a monotonically decreasing function of L y [26] . However, as is evident from Tables 4 and 5 for sufficiently small positive values of q (smaller than q c for strips with a q c ), |W | is a non-decreasing function of L y .
3. For the strips that we have studied whose L x → ∞ limit yields a locus B with a q c , |W (q)| for fixed q ∈ [0, q c ] is a non-decreasing function of L y . 4 . It has been shown that for physical values of q in the q-state Potts antiferromagnet, in the L x → ∞ limit of a strip of a given type of lattice Λ, W (Λ, L y × ∞, BC y , BC x , q) is independent of the longitudinal boundary condition BC x [32] . However, for small positive values of q, |W | does depend on both BC y and BC x , as is evident from Tables 4 and 5 . One observes that for the small integral values of q shown in these tables, |W (Λ, L y × ∞, F BC y , F BC x , q)| ≤ |W (Λ, L y × ∞, F BC y , (T )P BC x , q)| and |W (Λ, L y × ∞, P BC y , F BC x , q)| ≤ |W (Λ, L y × ∞, P BC y , (T )P BC x , q)|.
5. It was observed in [7] and proved in (section 7 of) [22] that for integer, and, by analytic continuation, real, values of q > max(q c ) for the square and triangular lattice strips, i.e., q ≥ 4, W (tri, q) < W (sq, q). Most of the values of |W | shown in Tables 4 and 5 show the opposite inequality. Together with various other properties noted above, this shows that |W | behaves qualitatively differently for sufficiently small positive values of q than for larger values.
Conclusions
In conclusion, we have presented exact solutions of the zero-temperature partition function (chromatic polynomial P ) and the ground state degeneracy per site W (= exponent of the ground-state entropy) for the q-state Potts antiferromagnet on strips of the square lattice of width L y vertices and arbitrarily great length L x vertices. The specific solutions were for (a) L y = 4, (F BC y , P BC x ) (cyclic); (b) L y = 4, (F BC y , T P BC x ) (Möbius); (c) L y = 5, 6, (P BC y , F BC x ) (cylindrical); and (d) L y = 5, (F BC y , F BC x ) (open), where F BC, P BC, and T P BC denote free, periodic, and twisted periodic boundary conditions, respectively. Some inferences were given for certain terms λ Gs,j for cyclic and Möbius strip graphs of the square and triangular lattice that allow one to calculate them for arbitrarily wide strips (of any length). These are important because they show how one can reduce the problem of calculating the λ Gs,j 's for these strips of arbitrarily large width from those for lower widths without recourse to the usual iterative application of the deletion-contraction or coloring matrix methods. A comparative discussion was given of the continuous nonanalytic locus B for these strips and numerical results of W were given for a range of values of q. In general, our exact solutions give further insight into the properties of the Potts antiferromagnet in the setting of infinite-length, finite width systems.
